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 Describing the exact wavefield movement is required to obtain a more 
accurate subsurface velocity model during full waveform inversion (FWI). Real 
rock environments are composed of many anisotropy factors, but the 
conventional FWI assumes that the subsurface is an isotropic medium. Because 
of these assumptions, it is difficult to describe realistic wavefield motion. This 
is not sufficient to obtain the appropriate subsurface velocity model. 
 To more closely simulate realistic wavefield motion, we selected the pseudo-
acoustic wave equation and the pure-acoustic wave equation suggested by 
Fletcher et al., 2009, and Chu et al., 2011. When we apply both equations to 
FWI, a large difference in performance is expected because both equations have 
different formulations. One of the important considerations in the 
multiparameter FWI is the radiation pattern of the parameters. The radiation 
pattern can be calculated using a partial derivative wavefield, and many 
researchers have proposed that setting the parameters that do not influence the 
other parameters is good for parameterization when analyzing the radiation 
patterns. 
 We simulated both equations in the frequency-domain, and we calculated the 
radiation patterns of P-wave, epsilon, and delta in the time-domain. To 
determine whether the behavior is good and the possibility of the two 
algorithms, we tested synthetic data generated in the frequency-domain using 
the same equation and modeling scheme. Considering a more realistic situation, 
we generated a synthetic dataset under the time-domain using an elastic wave 
equation with a marine environment assumption and applied two algorithms. 
The tests of the time-domain synthetic dataset used 6 cases of initial models 





the same synthetic dataset and calculated the relative percentage errors between 
the true model and the inverted model. Through the relative percentage errors 
called model misfits, we compared the performance of conventional FWI with 
the proposed FWI. Finally, we applied both algorithms to the 2D TTI model 
officially provided by “BP Exploration Operation Company”, and reconfirmed 
the importance of anisotropy factors. 
 
Keywords: Frequency-domain full waveform inversion, Anisotropy para-
meters, Pseudo-acoustic wave, Pure-acoustic wave 
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Chapter 1 Introduction 
 
Waveform inversion has been used as a reasonable tool for extracting 
subsurface parameters using pre-stack seismic data since the development of 
the adjoint method by Lailly (1983) and Tarantola (1984). Over the past 30 
years, seismic inversion has experienced considerable development with the 
advancements in seismic exploration theories and computational environments 
(Tarantola, 1984; Mora, 1987; Bunks et al., 1995; Pratt et al., 1998; Operto et 
al., 2004; Shin et al., 2007; Shin and Cha, 2008, 2009).  
Although the development of the adjoint method proposed the possibility of a 
waveform inversion algorithm, the realistic application of the waveform 
inversion still faces some difficulties. The first problem is the massive 
computational costs. To calculate the forward and backward wavefields, we 
need to solve the impedance matrix related to the model parameters. For the 
two-dimensional case, Trefethen and Bau implemented an iterative matrix 
solver in 1997, and Kim and Kim developed a very efficient computational 
approach, the direct solver, in 1999. However, to resolve the three-dimensional 
case, the required computational resources would be dramatically increased. 
Because the direct matrix solver requires saving LU factors in RAM (random 
access memory) or on a hard disk, the iterative solver is widely used for solving 
the three-dimensional problem (Operto et al., 2007). Thus, considerable work 
remains. Ben-Hadj-Ali et al. (2008) performed acoustic FWI in the frequency- 
domain by solving the forward problem with a frequency-domain finite 
difference method based on a massively parallel direct solver,. Plessix (2009) 
used the iterative solver with a multigrid preconditioner to perform three- 





(2008)’s approach and applied it to the three-dimensional Laplace-Fourier 
domain acoustic FWI. 
The second problem is the non-linearity of the inverse problem. FWI is 
considered to be a non-linear problem because the local minimum points exist 
in the objective function. The problem of non-linearity becomes more severe 
when the initial model is far from the true model (Gauthier et al., 1986). To 
overcome the non-linearity problem, Bunks et al. (1995) proposed a multiscale 
approach to the seismic inversion problem and reduced local minima by using 
the multigrid method. Shipp and Singh (2002) and Sirgue and Pratt (2004) 
selected a starting model that is similar to the real model to escape the problem 
of local minima. Furthermore, a few approaches that use robust objective 
functions have been proposed to overcome the non-linearity inverse problems. 
Guitton and Symes (2003) applied Huber norm to the noisy seismic data 
inversion. Shin and Min (2006) suggested the logarithmic objective function. 
Shin and Cha (2008) developed Laplace-domain FWI and it can provide a 
background P-wave velocity model even though the seismic data have no low 
frequency components. 
Additionally, it is difficult to perfectly represent seismic wave propagation 
through numerical simulations because real earth media contain many unknown 
factors and complexities. For this reason, it is difficult to reconstruct accurate 
subsurface information through seismic waveform inversion. Recently, many 
researchers have been concentrating on the multiple parameters of the 
subsurface media: P- and S-wave velocities, density, anisotropy parameters, 
and attenuation (Q-factor). In the early stages of the FWI, the majority of 
classical studies only considered P-wave velocity with the isotropic acoustic 





1986; Pratt et al., 1998). With the development of equipment and techniques, 
obtaining multi-component data has become common in recent years, and thus, 
FWI based on the elastic wave equation has emerged, which strives for the 
reconstruction of multiparameter (Mora 1987; Choi et al., 2008; Brossier et al., 
2009). Furthermore, the importance of anisotropy has been taken into account 
in seismic data processing. In the RTM (reverse time migration) processing 
field, which considers the anisotropy factors, many researchers have already 
developed RTM algorithms associated with anisotropic factors, which have 
provided better subsurface images than conventional isotropic RTM (Duveneck 
et al., 2008; Fowler et al., 2008; Fletcher et al., 2009; Kim et al., 2013). 
Moreover, many studies of FWI have also considered anisotropy, particularly 
vertical transverse isotropic media (Lee et al., 2010; Plessix and Cao, 2011; 
Gholami et al., 2013a, 2013b). Thus, considering the anisotropy properties of 
subsurface media is a major issue in seismic data processing.  
Because of the aforementioned reasons, to obtain more precise results with 
FWI in anisotropic media, we applied the pseudo-acoustic wave equation and 
pure-acoustic wave equation to multiparameter FWI. In this paper, we first 
briefly review the pseudo-acoustic, and pure-acoustic wave propagation 
modeling in the frequency-domain using the finite-element method and 
frequency-domain FWI. Second, we simulate the radiation patterns and analyze 
the results. Third, to verify the two proposed algorithms, which are the pseudo-
acoustic wave equation and the pure-acoustic wave equation, we test waveform 
inversion under forward modeling and backward modeling using same 
modeling algorithm. Fourth, we apply the proposed frequency-domain FWI to 
Overthrust 2D VTI synthetic data and discuss the performance of this algorithm. 
Finally, we emphasize why we consider the anisotropy parameters during FWI 





Chapter 2 Theory 
 
2.1 The pseudo-acoustic and pure-acoustic wave 
equations in the frequency-domain 
 
Solving the Christoffel equations for homogeneous TTI(tilted transversely 
isotropic) media provides three distinct wave modes: P, SV, and SH(Tsvankin, 






























where 𝜔  is the angular frequency, 𝑣𝑝𝑧  is the P-wave velocity along the 
symmetry axis, 𝑣𝑝𝑛 = 𝑣𝑝𝑧√1 + 2𝛿 is the P-wave moveout velocity relative to 
the symmetry axis, 𝑣𝑝𝑥 = 𝑣𝑝𝑧√1 + 2𝜖 is the P-wave velocity perpendicular to 
the symmetry axis, 𝑣𝑠𝑧  is the SV-wave velocity along the symmetry axis, 
𝜖 and 𝛿 are Thomsen’s anisotropy parameters, and 𝑘?̂?, 𝑘?̂?, and 𝑘?̂? are spatial 
wavenumbers, which are evaluated in a rotated coordinate system aligned with 
the axis of symmetry. Specifically, 
𝑘?̂? = 𝑘𝑥𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑘𝑦𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 − 𝑘𝑧𝑠𝑖𝑛𝜃 





𝑘?̂? = 𝑘𝑥𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 + 𝑘𝑦𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 + 𝑘𝑧𝑐𝑜𝑠𝜃 
(2.1.2) 
where 𝜃 is the dip angle of the symmetry axis measured from vertical, and 𝜙 
is the azimuth. 
Using equation (2.1.1), Fletcher et al. (2009) proposed the pseudo-acoustic 
wave equation in TTI media and Chu et al. (2011) proposed the pure-acoustic 
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Equation (2.1.3) is the pseudo-acoustic wave equation and equation (2.1.4) is 
the pure-acoustic wave equation where 𝑷  and 𝑸  are the wavefields; the 














































  in equation (2.1.4) contain 
coordinate transformations, as follows: 
∂2
𝜕𝑥2
≡ cos2 𝜃 cos2𝜙
𝜕2
𝜕𝑥2



























  ,  
∂2
𝜕?̂?2
≡ 𝑠𝑖𝑛2 𝜃 cos2𝜙
𝜕2
𝜕𝑥2

















The pseudo-acoustic wave equations are only valid if the condition 𝜖 ≥ 𝛿 is 
satisfied. In reality, however, rock properties may not satisfy this condition 
(Thomsen, 1986; Wang, 2002). Moreover, the presence of S-waves in the 
solution of pseudo-acoustic wave equations can cause numerical instability for 
TTI media that exhibit large variations in dip and azimuth symmetry angles 
(Fletcher et al., 2009). Moreover, wavefields computed using the pseudo-
acoustic wave equations contain undesired S-wave components. When applied 





images, and we hypothesize that these S-wave artifacts will affect the waveform 
inversion results. 
Several approaches have been proposed to address different aspects of the 
aforementioned issues. To eliminate source-generated S-wave artifacts, one 
may surround the source with either an isotropic or elliptically anisotropic 
material (Alkhalifah, 2000). However, as waves propagate in the subsurface, P-
waves can convert SV-waves. These converted S-waves can be suppressed by 
applying a filter at each time step (Zhang et al. 2009). In contrast, the pure-
acoustic wave equation does not possess a stability condition for Thomsen’s 
anisotropy parameters and completely eliminates the S-wave artifacts. 
By reconstructing the pseudo-acoustic wave equation (2.1.3) and the pure-
acoustic wave equation (2.1.4), we can obtain equations for two-dimensional 

























































The pseudo-acoustic, and pure-acoustic wave equations in the frequency-
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𝑷(𝑥, 𝑧, 𝜔)̃ = ∫ 𝑷
∞
−∞
(𝑥, 𝑧, 𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 ,   𝑸(𝑥, 𝑧, 𝜔)̃ = ∫ 𝑸
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2.2 Simulation of pseudo-acoustic and pure-acoustic 
wave propagation in the frequency-domain using the 
FEM 
 
Pseudo-acoustic and pure-acoustic wave propagation was simulated in the 
domain shown in Figure 1. The symbol Ω represents the modeling domain and 
the symbol Ωpml  denotes the absorbing zone for the application of the 
perfectly matched layer boundary condition. The Neumann boundary condition 
is applied around the entire domain, ∂Ω. 
The pseudo-acoustic wave equation in the frequency-domain, equation (2.1.9), 


































The pure-acoustic wave equation in the frequency-domain, equation (2.1.10), 
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where ?̃? =  ∑ 𝛼𝑖𝜙𝑖𝑖 , ?̃? =  ∑ 𝛾𝑖𝜙𝑖𝑖 , and 𝚪 =  ∑ 𝛽𝑗𝜙𝑗𝑗 ; ϕi,j  is the shape 
function; and i and j are nodal points. 
Equations (2.2.1) and (2.2.2) can be rewritten in a matrix form as follows 
(Marfurt. 1984): 
𝐒𝐮 = 𝐟 =  {
(𝐌𝐩𝐞 + 𝐊𝐩𝐞)𝐮
(𝐌𝐩𝐮 + 𝐊𝐩𝐮 + 𝐄)𝐮
 
(2.2.3) 
where 𝐒  is the complex impedance matrix; 𝐌𝐩𝐞  and 𝐌𝐩𝐮  are the mass 
matrices; 𝐊𝐩𝐞 and 𝐊𝐩𝐮 are the stiffness matrices; 𝐄 is a non-elliptic matrix, 
and it can determine wavefield propagation, such as elliptical or non-elliptical 
cases; 𝐮 is the wavefield vector, and 𝐟 is the source vector. 












































where 𝒇𝑥and 𝒇𝒛 are the horizontal and vertical source vectors, respectively. 
The components of the mass matrix and stiffness matrix for equation (2.2.4) 
are expressed as follows: 



















































Moreover, the components of the mass matrix, stiffness matrix, and non-
elliptic matrix for equation (2.2.5) are expressed as follows: 
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𝑆𝑥𝑖,𝑗 and 𝑆𝑧𝑖,𝑗 in equation (2.2.6) and (2.2.7) are the PML constants that are 










(𝑖, 𝑗 ∉  Ω𝑝𝑚𝑙)















(𝑖, 𝑗 ∉  Ω𝑝𝑚𝑙)











where a is the thickness of the boundary layer, 𝐶0 is the velocity of the PML 
boundary zone, R=1000, and 𝑥 and ?̂? are the distances of the x-axis and z-
axis in the boundary layer (Cohen, 2002). 
 
 
Figure 1. The pseudo-acoustic and pure-acoustic modeling domain for wave 
propagation. Ω is the entire domain, 𝜕Ω is the Neumann boundary condition, 
Ω𝑝𝑚𝑙  represents the absorbing boundary condition, and ∂Ω𝑝𝑚𝑙  is the 





By solving equation (2.2.3) using the direct matrix solver, we can obtain the 
pseudo-acoustic and pure-acoustic wave propagation in the frequency-domain. 
I simulated the forward modeling in the frequency-domain and obtained the 
pseudo-acoustic and pure-acoustic wave propagation in the time-domain using 
IFT(inverse Fourier transforms)  
 
(a)    (b) 
 
(c)    (d) 
Figure 2. p-wave=2000 m/s, (a)Snapshot of pseudo-acoustic wave propagation 
(epsilon=0.3, delta=0.3), (b)Snapshot of pseudo-acoustic wave propagation 
(epsilon=0.3, delta=0.05), (c)Snapshot of pure-acoustic wave propagation 
(epsilon=0.3, delta=0.3), (d)Snapshot of pure-acoustic wave propagation 
(epsilon=0.3, delta=0.05) 





shape when 𝜖  and 𝛿  are equal. In Figure 2 b and d, however, the wave 
propagated in a non-elliptical shape when 𝜖 and 𝛿 are not equal. Additionally, 
shear-wave artifacts can be observed around the source position when using the 






2.3 Waveform inversion in the frequency-domain 
 
The basic concept of waveform inversion involves reducing the residual 
between the observed data and modeled data using objective functions. In this 
study, we used the l2 − 𝑛𝑜𝑟𝑚 objective function, which is one of the most 
widely used objective functions. The l2 − 𝑛𝑜𝑟𝑚  objective function at an 












where 𝑛𝑠 is the number of shots, 𝑛𝑟 is the number of receivers, * denotes the 
complex conjugate, and ?̃?𝒊𝒋 and ?̃?𝒊𝒋 are the modeled and observed data in the 






2.3.1 Calculation of gradient direction using the steepest decent 
method 
 
The steepest decent method is an iterative method for minimizing the 
objective function using the gradient directions for the various unknown 
parameters. 
𝒎𝒍+𝟏 = 𝒎𝒍 − 𝛼𝑙∇𝑚𝑬 
(2.3.1.1) 
where 𝒎𝒍  is the model parameter vector at the 𝑙𝑡ℎ  iteration, ∇𝑚𝑬 is the 
steepest decent gradient directions, and 𝛼 is the step length for updating. 
To obtain the steepest descent gradient vectors for element 𝑘, we take the 



















where 𝕽 refers to the real part of a complex value, ?̃?𝒊,𝒋 is the residual vector, 
and 𝑇 is a transposed matrix. 
The wave equation in the frequency-domain can be expressed as 







𝐒 = 𝑴ω2 +𝑲 
(2.3.1.3) 
𝑺 is an impedance matrix, ?̃? is a vector for the Fourier-transformed modeled 
wavefields, 𝒇 is a source vector, 𝑴 is a mass matrix, 𝑲 is a stiffness matrix 
and, ω is a complex frequency.  
To efficiently calculate the partial derivative wavefields in equation (2.3.1.1), 
take the partial derivative of equation (2.3.1.2) with respect to model parameter 






?̃?) = 𝑺−1 𝒗𝒌 
(2.3.1.4) 
where 𝒗𝒌  is a virtual source vector with respect to parameter 𝒎𝒌 . By 
substituting equation (2.3.1.4) into equation (2.3.1.1), the steepest decent 
gradient direction of a model parameter for element 𝑘 can be calculated using 
the back propagation algorithm, and it can be expressed as  












2.3.2 Scaling of the gradient direction using a pseudo-Hessian 
matrix 
 
Computing the gradient direction using the steepest descent method requires 
a precondition because it is not considered the geometrical spreading effect. 
Pratt et al. suggested using the Gauss-Newton method and the full-Newton 
method for regularizing the gradient direction in 1998. However, the Gauss-
Newton and the full-Newton methods require substantial computing memory 
and costs due to calculation of the Jacobian and Hessian matrices. The full 
Hessian matrix and approximate Hessian matrix can be expressed as: 
𝐇 = 𝐇𝐚 + 𝑹 
(2.3.2.1) 
where 𝐇 is the full Hessian matrix and 𝐇𝐚 is the approximate Hessian matrix, 
which can be expressed as: 
𝐇𝐚 =  𝕽[𝑱




























where 𝑱  is the Jacobian matrix. The second term of equation (2.3.2.1) 
corrects the Hessian for double-scattering effects in non-linear inverse 
problems. It can be expressed as: 















In 2001, Shin et al. introduced the pseudo-Hessian matrix, which uses only 
the diagonal component of the approximate Hessian matrix. The pseudo-
Hessian matrix has more computational efficiency than the approximate 
Hessian matrix. The diagonal of the approximate Hessian matrix, the so-called 
pseudo-Hessian matrix, is expressed as: 















































In equation (2.3.2.5), (𝑺−1)𝑇(𝑺−1)∗  can be expressed using the impulse 
response and it is diagonally dominant. Therefore, we can approximate 
(𝑺−1)𝑇(𝑺−1)∗ = 𝐈, where 𝐈 is the unit matrix. Finally the pseudo-Hessian 
matrix is given by: 




Now, equation (2.3.1.1) for a single frequency can be rewritten as: 








𝑖 ] + 𝜆𝐈
] 
where 𝒎𝒍  is the model parameter at 𝑙𝑡ℎ  iteration, 𝜆  is the stabilizing 





2.3.3 Source-estimation algorithm 
 
The source wavelet is an important factor for successful seismic waveform 
inversion. Because the source wavelet is unknown in observed data, we need to 
estimate the source wavelet during the waveform inversion process. 
To derive a source estimation algorithm, the frequency-domain wave equation 
is expressed as: 
𝑺𝒖 = 𝑭 = (𝑒 + 𝑖𝑓) 
(2.3.4.1) 
where 𝑒 is the real part of the source wavelet and 𝑓 is the imaginary part. 
Expressing the modeled wavefield in the same manner as the source wavelet 
yields 
𝒖𝒊𝒋 = (𝑐𝑖 + 𝑖𝑑𝑖)(𝑒 + 𝑖𝑓) = (𝑐𝑖𝑒 − 𝑑𝑖𝑓) + 𝑖(𝑐𝑖𝑓 + 𝑑𝑖𝑒) 
(2.3.4.2) 
where 𝑐𝑖 + 𝑖𝑑𝑖 = 𝐺i  is the numerical Green’s function. Additionally, the 
observed wavefield is expressed as 𝑑𝑖 = 𝑎𝑖 + 𝑖𝑏𝑖. Then, the objective function 




∑{(𝑐𝑖𝑒 − 𝑑𝑖𝑓 − 𝑎𝑖)






Using a Taylor series expansion, we can write: 











where = [𝑒 𝑓]𝑡 , Δ𝑝 = [Δ𝑒 Δ𝑓]𝑡, ∇𝑬𝒔𝒓𝒄 is the gradient, and 𝑯𝒔𝒓𝒄 is the 
Hessian. To obtain the Δ𝑝 that minimizes the objective function 𝐸𝑠𝑟𝑐 , we 
apply the condition 
𝜕𝐸𝑠𝑟𝑐
𝜕Δ𝑒
= 0  and 
𝜕𝐸𝑠𝑟𝑐
𝜕Δ𝑓
= 0  to equation (2.3.4.3), which 
yields: 
Δ𝑝 =  −𝑯𝒔𝒓𝒄
−𝟏 ∇𝑬𝒔𝒓𝒄 
(2.3.4.5) 



















































































































∑ (𝑎𝑖 + 𝑖𝑏𝑖)(𝑐𝑖 + 𝑖𝑑𝑖)
∗𝑛𝑠
𝑖











where 𝒅𝒊 is the observed data at the 𝑖
𝑡ℎ shot, 𝒖𝒊 is the modeled data at the 






Chapter 3 Numerical Examples 
 
3.1 The radiation patterns of parameters. 
 
The most important consideration in the multiparameter waveform inversion 
is the radiation patterns of the model parameters (Gholami et al., 2013). 
Multiparameter waveform inversion needs to consider the trade-off effect that 
occurs through mutually modeled parameters. The trade-off, which is called 
crosstalk is a phenomenon caused by the overlap of each parameter’s radiation 
pattern. In scaling the Hessian matrix stage, the Hessian matrix will be distorted 
by the trade-off effect, and these results lead to a wrong gradient direction and 
could lead to the local minima. Consequently, the waveform inversion results 
are contaminated by undesired signals and it is difficult to obtain the desired 
model parameters. 
The partial derivative wavefields can be easily obtained using the virtual 
source. To illustrate the partial derivative wavefields with respect to each model 





where 𝒗𝒌𝒎is the virtual source vector with respect to model parameter 𝑚. We 
consider three cases. The first case is a homogeneous isotropic background 
model defined by P-wave = 3000m/s, epsilon = 0.0, and delta = 0.0. The second 





epsilon = 0.2, and delta = 0.2. Finally, the third case is a non-elliptical VTI 
background model defined by P-wave = 3000m/s, epsilon = 0.2, and delta = 0.1. 
The peak frequency of the source wavelet is 20 Hz. Additionally, we simulated 
scattering patterns with various source positions which are changed by the 
angle between the source and recording position: 0 degrees, 45 degrees, and 90 
degrees. The virtual source is located in the midpoint of the domain. In the 
second case, we assumed that the background models are elliptical VTI media, 
which means that the values of epsilon and delta are identical. The reason why 
we assumed elliptical media is that the pseudo-acoustic wave equation creates 
shear-wave artifacts when the values of epsilon and delta are different. In 
general, the amplitudes of the generated shear-wave artifacts are larger than the 
amplitudes of the desired wavefield. Therefore, we cannot detect the scattering 
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 According to the simulations, the radiation patterns of the pseudo-acoustic 
wave show similar motion for all media. Additionally, they exhibit similar 
scattering motion for the three cases of incidence angles. In Figure 3 and Figure 
4, the spreading pattern of the P-wave and anisotropy parameters has a slightly 
different shape in the central part of the amplitude. In Figure 5, however, the 
pseudo-acoustic wave in non-elliptical VTI media generates shear-wave 
artifacts. Because of the generated shear-wave artifacts, we could not detect the 
desired wavefield motion. However, based on the results of the previous two 
experiments, we could predict that the wavefield in non-elliptical VTI media 
will exhibit similar motion as the previous two experiments. On the other hand, 
the radiation patterns of the pure-acoustic wave and Pseudo-Acoustic wave are 
significantly different. In particular, the radiation pattern of the epsilon of the 
pure-acoustic wave exhibited a sensitivity to the incidence angles. Conversely, 
the radiation patterns of the P-wave and the delta of the pure-acoustic wave 
were not sensitive to the incidence angles. The P-wave exhibits various 
spreading motions depending on the values of the anisotropy parameters. 
 Through these experiments, we expected that using the pure-acoustic wave for 
FWI is more stable than using the pseudo-acoustic wave. The reasons are as 
follows. First, the pure-acoustic wave would not generate shear-wave artifacts 
in non-elliptical VTI media. Second, the radiation pattern of the dominant 
parameter (P-wave) of the pure-acoustic wave spread equally in all directions 
because, in the multi-parameter FWI, it is important to scatter the dominant 
parameter in all directions (Operto et al., 2014). Third, for the pure-acoustic 
wave, the radiation patterns of the dominant parameter and anisotropy 






3.2 Waveform inversion algorithm tests using the same 
forward modeling 
 
 In this section, we performed numerical tests to verify the two proposed FWI 
algorithms, which use the pseudo-acoustic and pure-acoustic wave equations. 
We generated synthetic data (observed data) using the same modeling algorithm 
and scheme. In other words, the synthetic data were generated using the same 
pseudo-acoustic wave equation and modeling scheme to test the waveform 
inversion algorithm with the pseudo-acoustic wave equation in the frequency-
domain. The FWI algorithm using the pure-acoustic wave equation was tested 
in the same manner. 
We used HESS VTI model parameters, which are illustrated in Figure 9. The 
features of the HESS VTI model include a high velocity area, which is called 
salt, and a fault located in the right-side of the model. Before the experiment, 
we assumed an elliptical case, which means that delta and epsilon have the same 
values at all nodal points, because the pseudo-acoustic wave equation has a 
modeling stability condition such as 𝜖 ≥ 𝛿. The values of delta and epsilon 
were updated by the same gradient direction derived from the epsilon parameter. 
We generated synthetic data in the frequency-domain from 0.01 Hz to 15.01 Hz 
with a step of 0.25 Hz. 
 We applied a smoothed P-wave velocity model and a smoothed epsilon model 
as the initial models, and these models were updated simultaneously. Moreover, 
for quality control of the waveform inversion models, we computed the relative 














where 𝒎𝒄𝒂𝒍  and 𝒎𝒕𝒓𝒖𝒆  denote the inverted model and the true model, 
respectively, and 𝑁𝑥 and 𝑁𝑧 correspond to the number of nodes in the 𝑥 and 












Table 1. Summary of the information of the generated frequency-domain 
synthetic dataset using the HESS VTI parameter set. 
  
Summary of the information of the synthetic data 
Domain size 25,000m × 5,000m 
Domain grid interval 25m 
Number of shots 1000 
Number of receivers 1000 
Modeling scheme Linear element FEM 



















Figure 11. Inverted (a) P-wave velocity and (b) epsilon using the pseudo-










Figure 12. Inverted (a) P-wave velocity and (b) epsilon using the pure-acoustic 











2.69953 % 2.69953 % 
Initial 
Epsilon model 




1.19012 % 1.17305 % 
Inverted 
Epsilon model 
17.75597 % 18.33332 % 
Table 2. The relative percentage errors for the model parameter 
 
 
Figure 13. The residuals of both algorithms represented by the values of errors 
and iteration numbers. 
 
Through the experiments, both algorithms were able to confirm that both the 
P-wave velocity model and the epsilon model were close to perfection. Both of 
the algorithms well restored specific layers, even under the high-velocity zone 
called the sub-salt region. As shown in the Figure 11.a and Figure 12.a, however, 
some artifacts occurred on the right-side of the high-velocity region of the 
inverted P-wave velocity model. These artifacts might be a result of the trade-





The percentage error of the epsilon model calculated using the pseudo-acoustic 
wave equation only decreased by 0.3%, and the percentage error of the epsilon 
model calculated using the pure-acoustic wave equation increased by 0.3%; 
however, the residuals of the pure-acoustic wave equation linearly decreased. 
According to these results, the P-wave velocity parameter has a great influence 
on the waveform inversion process than does the epsilon parameter, and it is 







3.3 Time-domain synthetic data tests 
 
In the previous chapter, we confirmed the availability and possibility of both 
of the proposed algorithms through numerical tests using the same modeling 
scheme. In this chapter, to simulate more realistic tests, we generated synthetic 
data in the time-domain and verified the FWI algorithms and analyzed the 
performance of both algorithms. We generated synthetic datasets using the 
Overthrust VTI model. The model parameters are illustrated in Figure 14 and 
details of the generated synthetic data are presented in Table 4. 
We employed the elastic wave equation using the staggered-grid FDM 
numerical modeling scheme. We considered that the experiments are a marine 
environment, and we modified the original model parameters by adding the sea-
water layer on the top of the model’s surfaces because of the acoustic 
approximation of both algorithms. The addition of the sea-water layer was able 
to reduce the effects of the surface waves caused by the elastic wave 
propagation. Removal of the other elastic effects or other preprocessing was not 
applied. To compare both algorithms, we used 6 cases of combinations of the 






Table 3. Combination of initial model parameters for comparison tests 
The objective of case1 in Table 3 is to simultaneously find the P-wave velocity 
and epsilon, the objective of case2 is to calculate the P-wave velocity more 
accurately when we know the exact value of epsilon, and the objective of case3 
is to calculate the value of epsilon more accurately when we know the exact 
value of the P-wave velocity. The objectives of cases 4 to 6 were the same as 
those of cases 1 to 3, but these cases completely ignored the delta value. The 
reason why the value of the delta parameter was set to zero is that the pseudo-
acoustic wave equation has the modeling stability constraint 𝜖 ≥ 𝛿. In cases 4 
to 6, the pseudo-acoustic wave would generate shear-wave artifacts on nodal 
points that have different values of epsilon and delta. Therefore, the results of 
cases 4 to 6 are expected to provide a good comparison of the two algorithms. 
The delta and epsilon would be updated by the same gradient direction derived 
by the epsilon parameter in cases 1 to 3, but the delta would not be updated in 
cases 4 to 6. The P-wave velocity and epsilon model were updated every 
iteration with a different step length. 
















































Moreoever, we tested the generated synthetic datasets using the conventional 
isotropy waveform inversion algorithms and we compared the relative 
percentage of P-wave velocity model misfits for the isotropy waveform 
inversion algorithm and the suggested anisotropy waveform inversion 
algorithms. 
We only inverted the P-wave velocity and epsilon parameters because of the 
modeling stability condition of the pseudo-acoustic wave equation and because 
the computing environment of our lab for solving the impedance matrix thatt 






3.3.1 OVERTHRUST VTI Model 
 
Unlike the frequency-domain synthetic dataset prior to the validation phase, 
the time-domain synthetic dataset was made similar to the realistic situation 
considering the value of delta. We tested the Overthrust VTI model, which 
contains complex fault structures. Figure 14 shows the Overthrust VTI model 
parameters, and Table 4 describes simple information of the dataset. 
For an accurate comparison, the two algorithms were equally applicable to the 
initial model of the 6 cases, and we also used the same frequency group for 
frequency-domain FWI for both algorithms. The initial models are smoothed 
models, and they are illustrated in Figure 15; the components of the frequency 




















Table 4. Summary of the information of the generated time-domain synthetic 
dataset using the Overthrust parameter set. 
  
Summary of the information of the synthetic data 
Domain size 10,000m × 2,700m 
Number of shots 100 (interval: 100m) 
Number of receivers 1000 (fixed, interval: 12.5m) 
Modeling scheme Staggered-grid FDM 
Modeling grid size 10.0 m 
Source wavelet First derivative of Gaussian 
function 
Peak frequency 25 Hz 
Recording Time 10.0 sec 

















Figure 16. Inverted P-wave velocity model using the conventional isotropy 











(a) P-wave velocity model and (b) epsilon model 
 
Figure 18. Inverted P-wave velocity model using the pseudo-acoustic wave 
equation in case 2 
 
 












Figure 20. Inverted model using the pseudo-acoustic wave equation in case 4: 
(a) P-wave velocity model and (b) epsilon model 
 
 
Figure 21. Inverted P-wave velocity model using the pseudo-acoustic wave 






Figure 22. Inverted epsilon model using the pseudo-acoustic wave equation in 
case 6 
 














Case 1 14.20239 11.98625 91.94218 
Case 2 14.20239 12.09950 - 
Case 3 - - 82.15388 
Case 4 14.20239 12.89634 91.13158 
Case 5 14.20239 13.51309 - 









Figure 23. Inverted model using the pure-acoustic wave equation in case 1: (a) 
P-wave velocity model and (b) epsilon model 
 
 
Figure 24. Inverted P-wave velocity model using the pure-acoustic wave 













Figure 26. Inverted model using the pure-acoustic wave equation in case 4: (a) 






Figure 27. Inverted P-wave velocity model using the pure-acoustic wave 
equation in case 5 
 
 





















Case 1 14.20239 13.80213 108.14380 
Case 2 14.20239 14.02429 - 
Case 3 - - 95.80306 
Case 4 14.20239 11.74118 102.78800 
Case 5 14.20239 11.64559 - 









Figure 29. The gradient direction of (a) the P-wave velocity model and (b) the 








Figure 30. The gradient direction of the P-wave velocity model using the 
pseudo-acoustic wave equation in case 5 
 
 
Figure 31. The gradient direction of the epsilon model using the pseudo-







Figure 32. The depth profiles of the P-wave velocity model using the pseudo-
acoustic wave equation at 3km from the left edge 
 
 
Figure 33. The depth profiles of the P-wave velocity model using the pseudo-








Figure 34. The depth profiles of the epsilon model using the pseudo-acoustic 
wave equation at 3km from the left edge 
 
 
Figure 35. The depth profiles of the epsilon model using the pseudo-acoustic 








Figure 36. The depth profiles of the P-wave velocity model using the pure-
acoustic wave equation at 3km from the left edge 
 
 
Figure 37. The depth profiles of the P-wave velocity model using the pure-








Figure 38. The depth profiles of the epsilon model using the pure-acoustic wave 
equation at 3km from the left edge 
 
 
Figure 39. The depth profiles of the epsilon model using the pure-acoustic wave 







The experiments using synthetic datasets generated in the time-domain 
present insufficient results compared to the frequency-domain synthetic dataset 
tests. Table 5 and Table 6 show the relative percentage errors that were 
calculated using equation (3.2.1), and we can observe that the P-wave velocity 
model from both of the proposed algorithms has better images than 
conventional FWI. In cases 4, 5, and 6 using the pseudo-acoustic wave equation, 
the wavefield would generate shear-wave artifacts, which we could detect in  
Figure 20, Figure 21, and Figure 22. To specifically inspect the shear-wave 
artifacts, we present the gradient directions of the P-wave velocity model and 
the epsilon model in Figure 29, Figure 30, and Figure 31. Figure 29and Figure 
30 show that the shear-wave artifacts occurred in some layers, and Figure 31 
shows that serious artifacts occurred in complex reverse fault layers. Although 
the gradient direction of the epsilon model in case 4 is better than that in case 
6, the epsilon model misfits of case 6 are lower than those of case 4. Because 
the gradient direction of case 6 has artifacts with large amplitudes, case 6 only 
updated the artifacts area, and the other domains were not updated during the 
waveform inversion. Consequently, in case 6, the domain, except for the part 
where artifacts occurred, exhibits little difference between the inverted model 
and the initial model. The depth profiles of the parameters are displayed in 






3.4 Why we consider the anisotropy parameters (BP TTI 
Model) 
 
The conventional frequency-domain waveform inversion generally considers 
a single parameter for example, a p-wave. If we consider the anisotropy factors 
when we perform the waveform inversion, however, we would obtain results 
that are closer to the correct answer. To verify this hypothesis, we inverted the 
P-wave velocity model using the conventional acoustic wave equation and the 
pure-acoustic wave equation for synthetic data created by the “BP Exploration 
Operation Company”. The inverted P-wave velocity models would establish 
why we consider the anisotropy factors when we perform the waveform 
inversion. 
Specific details of the model parameters of the synthetic datasets are presented 
in Figure 40, and the modeling details are presented in Table 7. To test these 
synthetic data, we need to reconstruct the model parameters. First, the modeling 
grid interval needs to be increased because the number of total nodal points of 
the original model is 22,685,393.0, which is too large to solve the impedance 
matrix with our computing abilities. For this reason, we resized the model 
parameters to match the 50 m grid interval. Due to the spacing, we used the 
maximum frequency of the source wavelet of 8 Hz. Our initial P-wave velocity 
model for the two waveform inversion algorithms is the smoothed model 
illustrated in Figure 41.a. We assumed that the domain was VTI media; in fact, 
synthetic data were generated in a TTI media environment, and we used tiny 
smoothed epsilon and delta models as the initial models during the pure-

















Figure 40. The true model of the BP TTI model, (a)P-wave velocity model, 
(b)epsilon model, (c)delta model, and (d)theta model 
 
Table 7. Summary of the information of the BP TTI synthetic dataset 
  
Summary of the information of the synthetic data 
Domain size 78,725m × 11,256m 
Minimum offset length 37.5m 
Maximum offset length 10,025m 
Number of shots 1641 (interval: 50m) 
Number of receivers 800 (Streamer, channel 
separation: 12.5m) 
Recording Time 9.2sec 











Figure 41. (a) The smoothed initial P-wave velocity model from conventional 
isotropy waveform inversion and anisotropy waveform inversion, (b) the initial 







Figure 42. The inverted P-wave velocity model from conventional isotropy 
waveform inversion. 
 
Figure 43. The inverted P-wave velocity model from anisotropy waveform 
inversion 
As shown in Figure 42, the inverted P-wave velocity model from the 
conventional isotropy wave equation has some vertical directional artifacts 
between salt pillars. In Figure 43, however, the inverted P-wave velocity model 
from the pure-acoustic wave equation, which considered almost true epsilon 
and delta values, more clearly show the image, and complex layers located on 
the right-side of domain are more reconstructed than in Figure 42. In addition, 
the relative percentage error of the inverted P-wave velocity model for 
conventional isotropy FWI is 4.7057%, whereas for anisotropy FWI, it is 
4.3126%. The anisotropy parameters are important factors that characterize the 
feature of subsurface rock. From the above results, we verified that the 





the P-wave velocity. Because of the consideration of the anisotropy parameters, 
the propagation of P-waves is more accurate in anisotropic media. 
Unfortunately, however, this experiment was far from realistic conditions 
because it is impossible to guess the initial anisotropy model as in Figure 41 (b) 
and (c). Nevertheless, we proved that the P-wave velocity would be 
reconstructed well if the anisotropy parameters such as epsilon and delta are 






Chapter 4 Conclusions 
 
We developed a multiparameter FWI in the frequency-domain using the 
pseudo-acoustic and pure-acoustic wave equations. First, we simulated the 
radiation patterns of the dominant parameter and of anisotropy parameters such 
as P-wave, epsilon, and delta. The experimental results revealed different 
aspects for pseudo-acoustic waves and pure-acoustic waves. In the non-
elliptical case, the radiation pattern of the pseudo-acoustic wave could not be 
detected because the amplitude of shear-wave artifacts was larger than the 
amplitude of the partial derivative wavefield. In the elliptical case, however, 
shear-wave artifacts were not generated, and we could verify the scattering 
motion of P-wave and anisotropy parameters. The radiation pattern of the 
dominant parameter and anisotropy parameters of the pseudo-acoustic wave 
spread mainly in horizontal directions. The difference in the dominant and 
anisotropy parameters occurred in the central part of the wavefield. The 
radiation patterns of the dominant parameter and anisotropy parameters for 
pure-acoustic wave also have different aspects. In particular, the scattering 
motion of epsilon is highly sensitive to the incidence angles. The trade-off 
effect, which is called crosstalk, occurred when the radiation patterns of each 
parameter overlapped. Based on the experiments, we expected that the pure-
acoustic wave is more suitable than the pseudo-acoustic wave considering 
realistic rock environments. Second, to verify the performance of both proposed 
algorithms, we tested both algorithms using synthetic data generated using 
same wave equation and modeling scheme. Based on the experimental, we have 
confidence that both algorithms performed well. Additionally, we detected the 





generated synthetic data in the time-domain using the elastic wave equation. 
We established 6 cases of the initial models and updating strategies. Thekey 
result of the experiment is that both algorithms performed better than 
conventional isotropy FWI. From analyzing the results of both algorithms, it is 
difficult to say which algorithm is better. If the initial model of epsilon is true, 
the P-wave velocity model has to be close to the true velocity model. Unlike 
our expectations, however, both algorithms in cases 1 and 2 showed that the 
simultaneous updating strategy has a lower model misfit than case 2. Even if 
the difference of misfits of both algorithms is 0.2%, these results need to be 
further enhanced and analyzed. Nevertheless, in comparing case 1 and case 3, 
the epsilon model is well reconstructed for both algorithms. The difference of 
cases 1 to 3 and cases 4 to 6 is the presence or absence of the delta. There was 
no significant difference between the presence and absence of delta. However, 
when using the pseudo-acoustic wave equation, in cases 4 to 6, the gradient 
directions were contaminated by shear-wave artifacts and the contaminated 
gradient directions caused unexpected results. Additionally, in terms of the 
relative percentage errors, we could not easily decide which one is better. 
However, considering the realistic rock environment, FWI using the pure-
acoustic wave equation is more suitable than using the pseudo-acoustic wave 
equation. As Thomsen (1986) says, the epsilon value of ‘the Mesaverde (4903) 
mudshale’ is 0.034 and the delta is 0.211, the epsilon value of ‘the Mesaverde 
(5501) clayshale is 0.334 and the delta is 0.730, and the epsilon value of ‘the 
Mesaverde (7888.4) sandstone’ is 0.033 and the delta is 0.04. Like this example, 
many rocks have delta values that are larger than the epsilon values. Although 
in some cases the results of the time-domain synthetic data test showed that the 
use of pseudo-acoustic wave equation is better than the use of the pure-acoustic 





Although the performance of the two algorithms is a topic for a later discussion, 
the remarkable discovery of this study is that the results of all 6 cases for both 
algorithms indicate that FWI considering the anisotropy parameters has better 
outcomes than conventional isotropy FWI. Finally, we also applied both 
algorithms to officially provided synthetic data for the “BP TTI Model”. 
Through this work, we proved once again that the anisotropic multiparameter 
FWI can obtain a better P-wave velocity model than the previous single-
parameter FWI by using the initial anisotropy model that is closer to the true.  
The future research plans are as follows: First, minimizing the cross-talk effect 
among the parameters. According to the multiparameter FWI, eliminating the 
effect of interference between variables is an important task. Second, enhancing 
the algorithms. Neither of the developed algorithms have yet been applied to 
techniques such as the regularization of the objective function; using other 
objective functions, for example, L1-norm, Logarithmic, and Huber; and 
applying other scaling method, for instance, full-Hessian matrix, approximated 
Hessian matrix, and so on. Finally, test real data. We need to compare the 
performance of the conventional method and the new method, and we need to 
make a comparison between subsurface images from the conventional method 
and from the proposed method using RTM. Additionally, we need to analyze 
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초    록 
 
완전파형역산을 진행하면서 좀 더 정확한 지하속도모델을 얻기 
위해서는 정확한 파동의 묘사가 필요하다. 실제 지하매질은 이방성 
형태로 존재하며 기존의 완전파형역산은 지하매질을 등방성 매질로 
가정하고 수행하기 때문에 정확한 파의 거동 묘사가 불가능하다. 
이는 지하속도모델을 얻는 과정에서 충분치 못한 결과를 얻을 
것이다. 
수치적으로 정확한 파동 전파를 구현하기 위하여 우리는 
Fletcher et al. 과 Chu et al. 이 제안한 유사 파동 방정식과 순수 
음향 파동 방정식을 도입하였다. 두 방정식은 식의 형태가 크게 
다르기 때문에 완전파형역산 알고리즘에 적용한다면 성능의 차이가 
있을 것으로 생각된다. 다 변수 완전파형역산에서 중요한 고려 사항 
중 하나는 변수들의 방사 형태이다. 변수들의 방사 형태는 편미분 
파동장을 구하는 방식으로 구할 수 있으며, 변수들의 방사 형태들은 
서로 영향을 주지 않는 방향으로 설정되는 것이 다 변수 
완전파형역산의 결과에 유리하다고 많이 알려져 있다. 
우리는 주파수 영역에서 두 방정식을 구현해 보았고, 시간 
영역에서 두 방정식의 P파, Epsilon, 그리고 Delta값의 방사 형태를 
구해보았다. 두 알고리즘의 동작 유/무와 가능성을 판단하기 위하여, 
인공합성자료를 동일한 방정식과 모델링 방법을 주파수 영역에서 
만들어 실험해 보았다. 좀 더 현실적인 상황을 고려하여, 시간 
영역에서 탄성파 방정식을 사용한 해상 환경을 가정한 인공 





시작 모델과 업데이트 방식을 설정하여 실험하였다. 또한 기존 단일 
변수 완전파형역산도 진해하였고, 실제 모델 값과 역산된 결과 값 
사이의 상대적인 오차를 구하여 기존의 단일 변수 완전파형 
역산과의 성능 차이도 계산하였다. 마지막으로, 공식적으로 BP 
Exploration Operation社 에서 제공한 2차원 경사진 횡등방성매질 
인공합성자료에 대하여도 이방성 다 변수 완전파형역산을 진행하여 
이방성 매질의 중요성을 확인하였다. 
 
주요어 : 주파수 영역 완전 파형 역산,  이방성 변수, 유사 음향 
파동 방정식, 순수 음향 파동 방정식 
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